We show that a one-dimensional chain of trapped ions can be engineered to produce a quantum mechanical system with discrete scale invariance and fractal-like time dependence. By discrete scale invariance we mean a system that replicates itself under a rescaling of distance for some particular scale factor. Similarly, a time fractal is a signal that is invariant under the rescaling of time. These features are reminiscent of the Efimov effect, which has been predicted and observed in bound states of three-body systems. We demonstrate that discrete scale invariance in the trapped ion system can be controlled with two independently tunable parameters and discuss the extension to many-body states where the discrete scaling symmetry is local and heterogeneous. The results we present can be realized using existing technologies developed for trapped ion quantum simulators. arXiv:1901.01661v1 [cond-mat.quant-gas] 
In this letter we show how to construct a one-dimensional system of trapped ions with discrete scale invariance and fractal-like time dependence. In classical systems scale invariance arises when the scale transformation acting on spatial coordinates, r → λr, is a symmetry of the dynamics. This arises naturally if the Hamiltonian transforms homogeneously under rescaling. When the Hamiltonian is quantized, however, this scale invariance cannot persist for bound state solutions with discrete energy levels. Instead, the scale invariance is broken through a quantum scale anomaly. An analogous effect has important consequences in relativistic quantum field theories, where certain chiral symmetries are broken by anomalies [1, 2] . While the quantum scale anomaly spoils invariance under a general scale transformation, it may preserve the symmetry associated with a discrete set of scale transformations. This was first described by Efimov when describing the bound state spectrum of three bosons with short-range interactions tuned to infinite scattering length [3] [4] [5] [6] . See also Ref. [7] for a review of anomalies in quantum mechanics and the attractive 1/r 2 potential. Efimov trimers were first observed experimentally through the loss rate of trapped ultracold cesium atoms [8] , and a more direct observation has been made using the Coulomb explosion of helium trimers [9] . As the underlying physics is of universal character, the application and generalization of the Efimov effect has been considered in various settings, including nuclear physics [10, 11] , bound states with more than three particles [12] [13] [14] [15] [16] , systems with reduced dimensions [17, 18] , quantum magnets [19] , molecules with spatially-varying interactions [20] , and Dirac fermions in graphene [21] .
We demonstrate that quantum scale anomalies can be produced with trapped ion quantum simulators. We start with a one-dimensional chain of ions in a radio-frequency trap with qubits represented by two hyperfine "clock" states. Such systems have been pioneered by the Monroe group at the University of Maryland using 171 Yb + ions [22, 23] . Off-resonant laser beams are used to drive stimulated Raman transitions for all ions in the trap. This induces effective interactions between all qubits with a power-law dependence on separation distance. We define the vacuum state as the state with σ z i = 1 for all i. We use interactions of the form σ x i σ x j + σ y i σ y j , to achieve the hopping of spin excitations. We then use a σ z i σ z j interaction to produce a two-body potential felt by pairs of spin excitations, and we also consider an external one-body potential coupled to σ z i . We can view each spin excitation with σ z i = −1 as a bosonic particle at site i with hardcore interactions preventing multiple occupancy. In this language, the Hamiltonian we consider has the form
where b i and b † i are annihilation and creation operators for the hardcore bosons on site i. The hopping coefficients J ij have the asymptotic form J ij = J 0 /|r i − r j | α , where r i is the position of qubit i. For the purposes of this study, we assume J ij to have exactly this form for i = j. Similarly, the two-body potential coefficients V ij have the asymptotic form V ij = V 0 /|r i − r j | β . In this work we assume V ij to have exactly this form for i = j. We consider the case where the lattice of ions is uniform and large, and we start with a constant potential U i chosen so that bosons with zero momentum have zero energy. Both positive (antiferromagnetic) and negative (ferromagnetic) values can be realized for J 0 and V 0 . The exponents α and β can in principle vary in the range between 0 and 3. However, in practice the range between 0.5 and 1.8 is favored in order to enhance coherence times and reduce experimental drifts [23] .
We now add to U i a deep attractive potential at some chosen site i 0 that traps and immobilizes one boson at that site. Without loss of generality, we take the position of that site to be the origin and add a constant to the Hamiltonian so that the energy of the trapped boson is zero. We then consider the dynamics of a second boson that feels the interactions with this fixed boson at the origin. In order to produce a Hamiltonian with classical scale invariance, we choose β = α − 1. Then at low energies, our low-energy Hamiltonian for the second boson has the form
where we omit corrections of size O(p 2 ). We are interested in the case where both J 0 and V 0 are negative.
In that case we find an infinite tower of even parity and odd parity bound states. We label the bound state energies as E (n) + and E (n) − , respectively, for nonnegative integers n. As expected, our quantized system has a quantum scale anomaly and we are left with two discrete scale symmetries, r → λ + r for even parity and r → λ − r for odd parity. Correspondingly, the bound state energies follow a simple geometrical progression,
In the Supplemental Materials we provide details of the discrete scale invariance for general α. For the special case α = 2, the scale factors are λ ± = exp(π/δ ± ), where
In contrast with most other systems with a quantum scale anomaly, we note that the properties of our ion trap system can be tuned using two different adjustable parameters, V 0 /J 0 and α. This is convenient for probing a wide range of different phenomena exhibiting discrete scaling symmetry. As an example, consider a system with α = 2, β = 1, J 0 = −1, and V 0 = −30. The wave functions for the first twelve even-parity bound states are shown in Fig. 1 . We plot the normalized wave function for r > 0, where r is measured in lattice units. We see clear evidence of discrete scale invariance emerging as we approach zero energy. In Table I we show the energies for the first fourteen even-parity and odd-parity bound states and the ratios between consecutive energies. For comparison, at the bottom we show the predictions for these ratios as we approach zero energy at infinite volume. We see that the agreement is quite good.
One intriguing question is how discrete scale invariance could persist in quantum many-body systems.
It has been demonstrated numerically that the Efimov effect extends beyond bosonic trimers and describes Energies for the first fourteen even-parity and odd-parity bound states and ratios between consecutive energies for the case α = 2, β = 1, J 0 = −1, and V 0 = −30. For comparison we show the theoretical predictions for the ratios λ + and λ − as we approach zero energy at infinite volume.
the properties of n-boson systems with the same discrete scaling factor [12] [13] [14] [15] [16] . As we will see, something quite different happens in the trapped ion system. Let us start from a particular bound state of the two-body system and ask what happens when we introduce a third boson that is weakly bound and very far from the origin. The effective Hamiltonian for the third boson contains a potential energy that is doubled due to interactions of the weakly-bound third boson with the two other bosons. As a result of the stronger attractive interaction, the geometric scaling factors λ ± for the third boson will be closer to 1.
This argument can be generalized to describe weakly-bound states for the general n-body system. The effective potential for the n th boson will be a factor of n − 1 times larger, and the geometric scaling factors λ ± will systematically approach 1 from above as we increase n. From these arguments, we predict the existence of multi-halo many-body systems with heterogeneous discrete scale invariance. The properties of these many-body systems will be investigated in future work.
Let us now consider an initial state |S = n |ψ (n) + , where we sum over all even-parity two-boson bound states |ψ (n) + with equal weight. We choose the even-parity states, but we could just as easily choose odd-parity states. The phase convention for each |ψ For the case α = 2 and J 0 = −1, we can produce the time scaling factor λ α−1 + = λ + = 2 by setting V 0 = −14.2388293. In Fig. 2 we show the amplitude A(t) ranging from t = 0 to 80 in the upper left, t = 0 to 160 in the upper right, t = 0 to 320 in the lower left, and t = 0 to 640 in the lower right. Aside from small deviations, we see that the time dependence shows fractal-like self-similarity when we zoom in or out by a scale factor very close to 2. The best fit for the scale factor appears to be about 1.9. While we have computed these results on a classical computer, in the Supplemental Materials we show how a time fractal can be realized experimentally using quantum interference on a trapped ion quantum simulator.
There are many interesting related phenomena that one can explore in connection with time fractals and the dynamics of systems with discrete scale invariance. For example, one fascinating question is how a system with discrete scale invariance responds when driven in resonance with one of its bound state energies.
In this letter we have shown that the intrinsic power-law interactions of the trapped ion system make it an ideal system for exploring the physics of quantum scale anomalies, discrete scale invariance, and time fractals. There are clearly many directions that one can explore in this new area, and we look forward to working with others to develop further applications and experimental realizations of many of these concepts. 
SUPPLEMENTAL MATERIALS

Trapped ion Hamiltonian
For our one-dimensional trapped ion system, the Hamiltonian we consider is
where
and C is a constant. In Fig. 3 we show a sketch of the action of the hopping coefficient J ij . In Fig. 4 we show a sketch of the two-body interaction potential V ij . Without loss of generality we assume that both J ij and V ij are symmetric in the indices i, j.
We can re-organize the σ z terms as where
and C = 1 8
We can view each spin excitation with σ z i = −1 as a bosonic particle at site i with hardcore interactions preventing multiple occupancy. When expressed in terms of hardcore boson annihilation and creation operators, the Hamiltonian becomes
Dispersion relation
We assume that the ions lie on a one-dimensional lattice with uniform spacing. There will be some distortion at the edges of the trap, but since our interest is in bound states with some degree of spatial localization, these edge effects can be minimized by placing the system at the middle of a trap with many ions. We work in lattice units where physical quantities are multiplied by powers of the lattice spacing to make the combination dimensionless. We start with the case where the potential U i is set to equal
The energy for a single boson with momentum p is then
where Li α is the polylogarithm function of order α. We find that for α < 3,
where ζ is the Riemann zeta function. We note that the special case α = 2 corresponds with a linear dispersion relation, which has important theoretical connections to relativistic fermions as well as electrons in graphene. In Fig. 5 we plot the dispersion relation E(p) versus p for J 0 = −1 and α = 1.5, 2.0, 2.5. 
Two-body system
We now introduce a single-site deep trapping potential with large coefficient u > 0 at some site i 0 that traps and immobilizes one hardcore boson at that site,
We also subtract a constant from the Hamiltonian so that the energy of the trapped boson is exactly zero.
We then consider the dynamics of a second boson that feels the interactions with this fixed boson at i 0 . In order to simplify our notation, let the position of the fixed boson be r i 0 = 0. Let us now set β = α − 1.
Then at low energies, our low-energy Hamiltonian for the second boson has the form
with corrections of size O(p 2 ). We note that this Hamiltonian has classical scale invariance.
We define by analytic continuation the Fourier transforms of the functions |r| η ,
We also compute the Fourier transforms of sgn(r)|r| η , where sgn(r) is the sign function,
In the zero energy limit, the quantum Hamiltonian H(p, r) exhibits a renormalization-group limit cycle with even-parity (+) and odd-parity (−) wave functions at zero energy,
where δ ± are solutions to the constraints,
For the particular case α = 2, this constraint simplifies to
These solutions for the case α = 2 are real whenever V 0 /J 0 is positive. When V 0 /J 0 π, these are both very well approximated by
In the cases where δ + and δ − are real, the discrete scale invariance of the renormalization-group limit cycle can be seen by writing
Under the scale transformations r → λ ± r, we have
The wave functions remain invariant up to an overall minus sign if we let λ + = exp(π/δ + ), λ − = exp(π/δ − ).
The bound state energies also respect this discrete scale symmetry. Under the scale transformation r → λ ± r, the energy scales as E ± → λ −1 ± E ± . We therefore get an infinite tower of states E (n) +/− obeying the geometric progression E (n)
for some negative energy constants +/− . We note that the case α = 2 corresponds to a Hamiltonian of the form
which, for J 0 < 0 and V 0 < 0, is analogous to a relativistic fermion with attractive Coulomb interactions.
This system is therefore directly related to the scale anomaly recently proposed in graphene for Dirac fermions and attractive Coulomb interactions [21] .
For the cases where δ + and δ − are not real, the wave functions at zero energy are
Under the scale transformations r → λ ± r, the wave functions scale homogeneously if we let λ + = exp(π/Re δ + ), λ − = exp(π/Re δ − ).
(32)
Time fractals
For the purposes of this discussion, we consider the immobile boson localized at r = 0 as a static source and consider only the wave function of the second boson, which can occupy sites r = 0. We start with an initial state
where we sum over all even-parity bound states |ψ 
On a classical computer we can produce time fractals by computing the amplitude
where Z(t) = S| exp(−iHt)|S .
The experimental realization of time fractals on a trapped ion quantum simulator requires more effort. In order to compute the time evolution of the state |S , we define a product of single-qubit rotations
for some infinitesmal real parameter . With the immobile boson still fixed at r = 0, let us denote the normalized state with no mobile bosons at all as |o . The action of U on the state |o produces a wave function with an indefinite number of mobile bosons. We find that
As mentioned in the main text, we have subtracted a constant from the Hamiltonian so that the energy of |o is zero. Hence, o| exp[−iHt]|o = o|o = 1.
We now measure
This can be viewed as a quantum measurement of the projection operator |o o| on the state
If we deconstruct B( , t) into powers of , we get
We then obtain
and we can thus determine the desired amplitude A(t).
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